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Abstract 

We investigate the effect of the bulk gravitational field on the cosmological 
perturbations on a brane embedded in the 5D Anti-de Sitter (AdS) spacetime. 
The effective 4D Einstein equations for the scalar cosmological perturbations on 
the brane are obtained by solving the perturbations in the bulk. Then the behaviour 
of the corrections induced by the bulk gravitational field to the conventional 4D 
Einstein equation are determined. Two types of the corrections are found. First 
we investigate the corrections which become significant at scales below the AdS 
curvature scales and in the high energy universe with the energy density larger 
than the tension of the brane. The evolution equation for the perturbations on 
the brane is found and solved. Another type of the corrections is induced on the 
brane if we consider the bulk perturbations which do not contribute to the metric 
perturbations but do contribute to the matter perturbations. At low energies, they 
have imaginary mass = — (2/3)fc^ in the bulk where k is the 3D comoving wave 
number of the perturbations. They diverge at the horizon of the AdS spacetime. 
The induced density perturbations behave as sound waves with sound velocity 1 / -\/3 
in the low energy universe. At large scales, they are homogeneous perturbations 
that depend only on time and decay like radiation. They can be identified as the 
perturbations of the dark radiation. They produce isocurvature perturbations in 
the matter dominated era. Their effects can be observed as the shifts of the location 
and the height of the acoustic peak in the CMB spectrum. 
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1 Introduction 



Recent developments of the particle physics revive the old idea that we are living in 4D 
brane in higher dimensional spacetime 0, ^. Since Randall and Sundrum proposed fascinating 
model for the brane world, many works have been done about the consistency of the model 
with observations |^. In their model, our 3-brane universe is located in the 5D Anti-de Sitter 
(AdS) spacetime. The essence of the model is that the spacetime is effectively compactified 
with curvature scale / of the AdS spacetime. Thus even the gravity can propagate in the whole 
higher dimensional spacetime, the 4D Newtonian gravity is reproduced at the scales larger 
than / on the brane. 

After their work, the cosmological consequences of the model are actively investigated [4- 
15]. The set up of the model is given as follows. The action describing the brane world picture 
is given by 

S = J (^X\f^^ + ~ ^ J ^'^^"^~9brane + J d'^X ^/—gbrane ^matter , (1-1) 

where TZ^ is the 5D Ricci scalar, I is the curvature radius of the AdS spacetime and = SttG^ 
where is the Newton's constant in the 5D spacetime. The brane has tension a and the 
induced metric on the brane is denoted as gtrane- The tension cr of the brane is taken as 
K^a = 6/1 to ensure that the brane becomes Minkowski spacetime if there is no matter on 
the brane. Matter is confined to the 4D brane world and is described by the Lagrangian 
^matter- Wc wiU assume Z2 symmetry across the brane. It has been shown that the spatially 
homogeneous and isotropic universe can also be embedded in this model. In order to study 
further consistency of the model with the observations, it is needed to study the behaviour 
of the cosmological perturbations [16-18]. The cosmological perturbations in the brane world 
provide useful tests for the brane world idea. This is because the perturbations in the brane 
world interact with the bulk gravitational field, which is the inherent nature of perturbations in 
the brane world. Several formalisms and applications have been developed [19-29] . Especially, 
we showed that the evolution of the perturbations is the same as the one obtained in the 
conventional 4D theory at low energies when the Hubble horizon of the brane universe is 
larger than /. We also pointed out that at high energies, the evolution of the perturbations 
changes significantly [ p!9|] . 

The purpose of this paper is to make further clarification about the difference between the 
behaviour of the perturbations in the brane world model and the one in the conventional 4D 
model. For this purpose, it is desirable to obtain the effective 4D Einstein equations on the 
brane. There are several works which investigate the effective 4D Einstein equations using the 
covariant method [30,31]. The effective 4D Einstein equations are obtained as 

Gfj,u + ^'fiu = "tT^u + K n^j/, (1-2) 
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where 

n^. = —T,a.K + -^KT,, + -(3r„^T"^ - {T:f)g,., (1.3) 



and £fj_u is the projected 5D Weyl tensor. In p9[, the large scale cosmological perturbations 



are analyzed with ( |1.2|) . They study the evolution of perturbations using equations solely on 
the brane and without solving the perturbations in the bulk. Although significant results are 
obtained, their approach is clearly limited because the behaviour of cannot be determined 
without solving the bulk perturbations. In the previous paper [|T^ , we have developed a method 
to solve the perturbations in the bulk. In this paper, using the method, we obtain the effective 
Einstein equation for the scalar cosmological perturbations by solving the perturbations in the 
bulk (^4.6|) and ( [4.7|) . Then we can determine the behaviour of the corrections induced by the 
bulk gravitational field to the conventional 4D Einstein equations . This is an essential part 
of the work predicting the CMB anisotropics in the brane world. 

We will obtain the effective Einstein equations in two ways. First we derive the effective 
Einstein equations from the equations solely on the brane as in |^ . We observe the limitations 
of this method. Then we construct the effective Einstein equations again by solving the bulk 
perturbations. The evolution of the perturbations on the brane is investigated using the 
effective Einstein equations. We concentrate our attention on the scalar perturbations on a 
brane in the AdS spacetime. A new type of corrections arises if we choose appropriate boundary 
conditions on the perturbations in the bulk so that the perturbations do not contribute to the 
metric perturbations but do contribute to the matter perturbations. They induce the density 
perturbations on the brane which behave as sound waves with sound velocity 1 / -\/3 in the low 
energy universe. At large scales, they are homogeneous perturbations that depend only on 
time and decay like radiation. We will discuss the effects of these perturbations on the CMB 
spectrum. 

The structure of the paper is as follows. In section 2, we construct the effective Einstein 
equation for the background spacetime in two ways as an example. In section 3, the effective 
Einstein equations for perturbations are constructed from the equations on the brane. Two 
types of the corrections to the conventional 4D Einstein equations are found. We see a complete 
set of the effective 4D Einstein equations cannot be derived from equations solely on the brane. 
In section 4, the effective Einstein equations are obtained again by solving the perturbations in 
the bulk and imposing the junction conditions. A complete set of the equations is obtained. We 
find again two types of the corrections, but now they are obtained according to the boundary 
conditions of the perturbations in the bulk. In section 5, we take the boundary condition that 
the perturbations do not diverge at the horizon of the AdS spacetime. And we investigate the 
modifications of the evolution. In section 6, we allow the existence of the perturbations which 
do not contribute to the metric perturbations but do contribute to the matter perturbations. 
The modifications of the evolution caused by these perturbations are studied. In section 7, 
we summarize the results. In Appendix A, the equations used in section 2 are derived. In 
Appendix B, we review the formalism to solve the perturbations in the bulk and impose the 
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junction conditions. Then the effective Einstein equations are obtained. In Appendix C, the 
generation of the primordial fluctuations is discussed. The Mukhanov equation for the inflaton 
confined to the brane is obtained. 



2 Background spacetime 

It would be instructive to consider the background spacetime as an example for constructing 
the effective Einstein equations. We take the background metric as 

ds'' = e'^(f '*) {dy'' - de) + e^^y^'^'^^ijdx'dx^. (2.1) 

We will denote the power series expansion near the brane as 

a{y, t) = ao{t) + a,{t)\y\ + '^y^ + ■■-. (2.2) 



The tension a of the brane is taken as k^u — 6/1 and the 5D energy momentum tensor of the 
matter confined to the brane is taken as 

^diagi0,-p,p,p,p)6iy). (2.3) 

The calculations which are necessary to obtain the equations used in the following discussions 
are performed in Appendix A. 

The first method is to use the power series expansion of the 5D Einstein equation. Prom 
the junction conditions, the first derivatives of the metric perturbations with respect to y are 
written by the matter perturbations on the brane. Then we can obtain the equations about 
the variables on the brane from the 5D Einstein equations that do not contain the second 
derivatives of the metric perturbations with respect to y. From these equations on the brane, 
we can construct the effective Einstein equations on the brane. The junction conditions are 
given by 



ai{t) 



1 K^pjt) 
1 fi;V(t) K^p{t) 



where we take e'^"*^*-' = 1. The equations for ao and p can be obtained from the power series 
expansion of the 5D Einstein equation near the brane. The y^-th order of the {y, 0) and {y, y) 
components are given by 

.2 ( p \ K*p{p + 2>p) 



^'^^^^^YAz-")- 36 ' 
p + 3do(p + p) =0. (2.5) 
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At low energies pjo k '^Ip <^ 1, the former is identical with the trace part of the conventional 
4D Einstein equations with 

87rG4 = kV/, (2.6) 

where G4 is the Newton's constant in the 4D spacetime. The latter is the usual energy- 
momentum conservation of the matter. The integration of the first equation gives the effective 
Friedmann equation; 

where Cq is the constant of the integration. This is the {t, t) component of the effective Einstein 
equations. In the 4D Einstein theory, [t, t) component of the Einstein equations gives 

«o = (2.8) 

Thus the constant of the integration Co should have been in order to match to the 4D Einstein 
theory at low energies. However the non-zero Co is not forbidden in the brane world. Indeed, 
it is known that Co is related to the mass of the 5D AdS-Schwartzshild Black Hole. Thus the 
non-zero Cq indicates the effect of the bulk. The lesson is that even if we have a complete 
set of the equations for and p ( p.5|) which are identical with those in the conventional 
4D theory at low energies, the correction to the Friedmann equation can exist. Because the 
term proportional to Cq in ( p.7|) behaves like radiation, it is often called dark radiation. The 
important point is that we cannot determine Co from the equations on the brane ( |2.5|) . We 
need a different method to determine the correction which describes the effect of the bulk. 

Another way is to solve the 5D Einstein equation in the bulk. We should impose the 
boundary conditions ( |2.4] ) on the brane. The equations for /5 and a in the bulk are given by 

- /3 + /3" - ^e^^^ = 0, 

-ci + a"-^e2/5 = 0, (2.9) 

where we assumed the bulk is purely AdS spacetime without Schwartzshild mass (cf. Appendix 
A). We can obtain the solution 

p2/3fe,t) ^ A f'{u)g'{v) Oa(y,t) ^ ^ (2 -[(]] 

{f{u)-g{v)r {f{u)-g{v)r ^ ' ' 

where u = (t — y)/l,v = (t + y)/l and f{u) and g{y) are the arbitrary functions. Thus the 
matter on the brane is written by / and g from the junction conditions (|2.4|) as 



^ _ 1 ( f{t/iy + g{t/l)' \ _ 1 K^p 



In usual, we find the solutions of / and g from the junction condition ( p^.lll ). However, it is 



difficult to find the solutions for perturbations in this way. Thus we propose a new way to 
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find the solutions, namely transforming the junction condition ( |2.11| ) to the effective Einstein 
equation. From ( p.lO| ), we obtain 



"0 



_i ( frn'-git/i)' ] 

I \f{t/l)-g{t/l) ) 

f{t/iyg{t/iy 

[fm-gmy 



1. 



(2.12) 



Then the term written by / and g in (|2.11|) can be written by the metric ao. We find af = 
+ 1//^. Thus the junction condition ( p.ll|) gives the effective Friedmann equation on the 
brane 

(2.13) 



K 



K p 

"°"=37^+^ 



Comparing this with (|2.7|) , we can determine Co = for AdS background. We will consider 
the perturbations in this background. 



3 Effective Einstein equations from equations on the 
brane 



In this section we will derive the effective Einstein equations for scalar cosmological per- 
turbations using the equations on the brane. The perturbed 5D energy-momentum tensor is 
taken as 

/ \ 



5T, 



M 
N 



(3.1) 



~5p -{p + p)e°'°VA 
\0 (p + p)e-"«i;,i 5p5ij 

where we assume the isotropic stress of the matter perturbations vanishes. The perturbed 
metric on the brane is taken as 



dSbrane = "(1 + 2^o)dt^ + 6^"'^'^! - 2^ o)6ijdx' dx' . (3.2) 

The equations on the brane are obtained from {y,y), {y,0) and {y,i) components of the 5D 



Einstein equations as [19 



^0 + 4do^o + ao$o + 2(cio + 2d^)$o - -e-2-«(2V2*o - V'^o) 

Sp ={p + p)(3^o + e-^oy^t;) - 3do (5p + Sp) , 
((P + p)e''°vy = -3do(p + P)e"°v + 5p + (p + p)%. 



(3.3) 

(3.4) 
(3.5) 
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As in the background, ( |3.3| ) is the same as the trace of the conventional 4D Einstein equations 
at low energies and ( p.4| ) and ( p.5| ) are the usual energy-momentum conservation for the matter 
perturbations. From these equations, we construct the effective 4D Einstein equations. The 
Einstein equation gives a relation between the matter perturbations and the metric pertur- 
bations. Thus we try to write the matter perturbations in terms of the metric perturbations 
from ( p.3|) , (|3.4| ), and (|3.5| ). The equations can be regarded as the differential equations for 5p, 
6p and v with the source given by $o and \E'o- Then the solutions for 6p, 6p and v are given 
by special solutions written by $o and \E'o and homogeneous solutions which are independent 
of $0 and \E'o. The homogeneous solutions satisfy 

Sp = {p + p)e-"'>V^v-3ao{6p + 6p), 

i{p + p)e'^"v)' = -3aoip + p)e''''v + 5p, (3.6) 

where we used the background equations (|A.12| ). From these equations, we can construct the 
second order differential equation for 6p. Putting 

1 



5p = -—f'^^'X, (3.7) 



we obtain the equation for x as 



af y 3 \ af 



The special solutions can be obtained perturbatively assuming |e ^"''V^^/\E'o| ^ 1- The 
solutions up to the order V'*\l/o including the homogeneous solutions written by x are given by 

-^5p = -3(dovi/o + d^$o) + e-^°°V^v]/,-^5pW + ^5p„ 



21 



-{p + p)e''°v 



1^ Oil . , N ran m , 



2 



(p + p)e"°t;(^) + -(p + p)e"Ot;^, (3.9) 



2 21 
where 5p^^\ 5p^^^ and v^^^ satisfy 



p + p)e"°f(^))' = -3do(p + p)e"°t;(^) + (3.10) 
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and (5p^, Sp^ and are given by 



3 \ ' aj 

(p + p)e"°VX = e-2"«x(t,^'), (3.11) 



where x satisfies ( p.8|) . 



( |3.1CI| ) and ( p. Ill ) are the effective 4D Einstein equations in the brane world. The 
crucial difference from the background case is that we cannot have a complete set of the 
equations. We do not have the equation which corresponds to the {i 7^ j) component of the 
conventional 4D Einstein equations $0 = ^o- To clarify the deviation from the conventional 
4D theory, we consider the perturbations at low energies with p/a ^ 1, then take 

> al, ao- (3.12) 



If we take $0 = ^0, we have a complete set of the equations with ( |3.3| ), ( p.4| ) and ( p.5| ) 
which are identical with those obtained in the conventional 4D theory. The interesting point 
is that even if we take \E'o = $0! the corrections to the matter perturbations can exist. Taking 
\l/o = "^0) we find 6p^^\ 5p^^^ and v^^^ and the higher order solutions satisfy the homogeneous 
equations (|3.6| ) which do not include ^'o and $o- Thus they can be absorbed into Sp^^, 6p^ and 
v^. Then (|3.9| ) becomes the same as the conventional 4D Einstein equation except for Sp-^, 5p^ 
and v-^. Thus, even though we have a complete set of equations for metric perturbations and 
matter perturbations which are identical with those obtained in the conventional 4D theory, 
the corrections to the 4D effective Einstein equation can exist. We have already learned the 
similar situations in the background spacetime where the non-zero constant of the integration 
Co gives the correction to Friedmann equation. For the perturbations, x plays the same role 
as Cq. At low energies, the equation for x (|3.8|) becomes 



X"-^V\ = 0, (3.13) 

where ' denotes the derivative with respect to the conformal time r]. At large scales and at low 
energies, 5p^ is given by 

5p^ = Ce-^"°, (3.14) 

where x = C = const. Thus 6p^ can be regarded as the perturbations of the energy density of 
the dark radiation. At small scales they behave as sound waves with sound velocity 1 / v^. 

In general, the bulk gravitational field makes \E'o 7^ $0 then the corrections arise which come 
from the special solutions written by $0 and "^o- Hence we find two types of the corrections 
to the matter perturbations. One type of the corrections is given by the gradient of the 
metric perturbations. At large scales, these corrections are suppressed. These corrections are 
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induced by the bulk perturbations. The inhomogeneous matter perturbations on the brane 
inevitably produce the perturbations in the geometry of the bulk. The perturbations in the bulk 
affect the brane in turn. Then the matter perturbations receive the corrections from the bulk 
perturbations. Another type of the corrections, Xi is independent of the metric perturbations. 
At large scales they behave as the dark radiation. The corrections from x are also induced by 
the bulk gravitational field, as the dark radiation is induced by the Schwartzshild Black Hole 
in the bulk in the background spacetime. 

Now we face the limitation of the method using the equations solely on the brane. We 
cannot determine the corrections from the bulk perturbations, that is the relation between $o 
and \l/o. The existence of the correction given by x cannot also be determined, as the constant 
of the integration Cq in the background cannot be determined in this approach. They should be 
determined in terms of the bulk gravitational field. So far we treated only the equations which 
do not involve the second derivative with respect to y. As we showed for the background case, 
the evolution equation for the perturbations in the bulk should be solved in order to obtain 
the behaviour of the corrections to the matter perturbations and the relation between $o and 



4 Effective Einstein equations from bulk gravitational 
field 



In this section, we solve the perturbations in the bulk and obtain the behaviour of the 
corrections to the matter perturbations and the relation between \l/o and $o- The formalism 
to solve the perturbations in the bulk has been developed in |]l9l . In this section, we only show 
the results of the calculations. The detailed calculations are given in the Appendix B. In the 
bulk, the perturbations satisfy the wave equation 

h" + M'h' -h-3ah + e-^^^-'^V^/i = 0, (4.1) 

where h is the scalar perturbations in the bulk and we used the transverse-traceless gauge. It 
is in general difficult to solve the equation. The essence of our method is to use the coordinate 
transformation from the Poincare coordinate to the Gaussian normal coordinate. The metric 
(( |2.1| ), ( |2.1CI| )) is obtained by the coordinate transformation from the Poincare coordinate of 
the 5D AdS spacetime 




ds'^= [-] {dz^ - c/r^ + 5ijdx'dx^). (4.2) 



z 



In this coordinate, the perturbations can be easily solved. Then the perturbations in the metric 
( [^.1[ ) can be obtained by performing the coordinate transformation; 

z = z{y,t)=l{f{u)-g{v)) = le-"^^''\ 

T = T{y,t) = l{f{u)+g{v)). (4.3) 
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The solution of the perturbations h can be written as 



(2vr) 



where Z2 is defined as the combination of the Hankel function of the first kind and the second 
kind; 

Z2{mz) = Hi^\mz) + a{m)Hf\mz), (4.5) 

and uo"^ = + . So far i?(m, k) and a(m) are arbitrary coefficients. We should impose the 
junction conditions on the perturbations ( |4.4| ) on the brane. As we showed for the background 
case, the junction conditions are nothing but the effective 4D Einstein equations. In the 
previous paper [0, we gave the matter perturbations in terms of £'(m, k) using the junction 



conditions. We also gave the metric perturbations in terms of E{m,k). Then we have the 
equations which correspond to ( p. 11 ) and ( 2.12| ) in the background. The effective Einstein 



equations can be obtained by combining these equations as is done in ( |2.13|) in the background 



spacetime. The details can be found in Appendix B-2 and the results are given by 



-2, 



'^5p{k) = -3(«o^o + ao'^o)-e-2"°fc2^ 





ao\„-i'^T(t) 



+ ig-4ao I dmE{m, k)kH'^Zo{mle-''°)e 
3 J 

-Sp{k) = ^0 + (^^ao - ^0 + ao^o + (^2d 



3 3 \ af ' 



i ( 1 + ^ ) e-^"« / dmE{m,k)kH^Zo{mle-''')e 
9 y Qi j J 



^ + 3d^ $0 



OLi^\ -iujT{t) 



2 

■^(p + p)e"°t;(fe) = ^o + «o$o 



+ le"^°° f dmE{m, k) 
3 J 

X [aiiukH^Zoimle-"") - a^mkH^ Zi{mle-'''')) 6"*^^^, (4.6) 

where we consider the Fourier components of the perturbations with respect to and denote 
r(0,t) = T{t). We can also obtain the metric perturbations in terms of E{m, k) as 



$o(fc) = j dmE{m,k) (mle''"' Zi{mle-'''') + ^(fc/e""°)2Zo(m/e 

$o(fc) = J dmE{m, k) (^m/e-°oZi(m/e-"«) - ^(fc^ + Sm^^e'^'''' Zo{mle-''°)^ e 

+ {aolf J dmEim, k) (mle-'''' Zi{mle''''') - {k^ + 2771^^6-^"° Zq {ml e 

- 2aiaof J dmE{m,k){tu}mPe-^''°)Zi{mle-"'')e-'''^^'\ (4.7) 
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Eqs.( f4.6| ) should be compared with ( p.9|) , ( p.lO|) and ( |3.11| ). First let us identify the cor 



rections 5p^, 6p^ and Using the freedom of the choice E{m,k) and a(m), we can 

make the perturbations which do not contribute to the metric perturbations but do contribute 
to the matter perturbations. In the low energy universe, we can construct these perturbations 
explicitly. At low energies a^l -C 1, if we choose E{m, k) to have a peak at 

2k^ + 3m^ = 0, (4.8) 

then the metric perturbations can be written as 

^0 = $0 = ^^(^nfe)(^fc^e-°°)2Z2(mfc/e-"«)e7I^^^ (4.9) 

where we used T = —t] at low energies where rj is the conformal time (see Appendix B ( p.7|) ) 
and Z2{z) = {2/ z)Zi{z) — Zq{z). We denoted nik = j2/?>ki and 



E^^\k) = E{mk,k). (4.10) 
At low energies, we can neglect the time dependence in mkle~'^'' since 



dol < 1, (4.11) 



where we used drj/dt = e In order to ensure that these perturbations do not contribute to 
the metric perturbations $o = = 0, we take a{m) = a^^\m) where 



a^^Hm) = j7^. . (4.12) 

H^imkle'-o) 



The important point is that these perturbations do contribute to the matter perturbations. 
The density perturbations 6p induced by these perturbations are given by 

'f-Sp = -e-^"°fc^/2^W(fc)4''Vfe^e-"")e^'^^ (4.13) 
2/ 3 

where Zq^^ = Hq'^ + a^^\m)H'^\ Because these perturbations do not contribute to the metric 
perturbations, they should be identified as 5p^. Indeed from ( |3.7| ) and ( |3.13| ), 5p^ is given by 



% = e-^"«X, x" + ^fc'x = 0. (4.14) 



If we neglect the time dependence in rukle ([4.13|) satisfies (|4.14|) . Thus we find the existence 
of 5p^ depends on the behaviour of the bulk perturbations. At low energies, they should have 



imaginary mass = y 2/3fci and diverge at the horizon of the AdS spacetime {z = le — >■ 
oo) because Z2'^\mkz) contains H^\'mkz) which is proportional to exp{J2/3kz) for z oo. 



Thus if we restrict our attention to the bulk perturbations with real mass or with regular 
behaviour in the bulk, the corrections from x do not exist on the brane. 
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Therefore the existence of the corrections from x depends on the boundary condition of 
the perturbations ( [4.4| ). The general solutions for perturbations in the bulk can be written as 

(4.15) 

where Z'^^'^ and Z*^^^ are two independent combinations of the Hankel function of the first 
kind and the second kind. E^^\m, k) and E^'^\m, k) are the arbitrary coefficients that should 
be determined by the boundary conditions. One of the choices is the boundary condition 
that allows the existence of the corrections 5p^. We choose E^'^\m,k) and Z^"^^ so that the 
perturbations contribute to the matter perturbations and do not contribute to the metric 
perturbations. For example, at low energies, we can take 

Z(^)(m/e-") = if«(m/e-"), 

E'^^\m,k) = E^''\k). (4.16) 

Then the metric perturbations and the density perturbation induced by these perturbations 
are given by 



27 



5p = -3(do^o + ao'^o) -e-2°»fc2^o 



3 J 2/ 
^o(fc) = j dmE^^\m, k) (^m/e-"»i/f ^(m/e-"«) + ^{kle-'^^'f H^^\mle-'''')j e^'"'',(4.17) 



where 



5Px = 



X = ^{kn^E^^\k))zi^\mkle-''^')e^^'^\ (4.18) 



Another choice is the boundary condition that the perturbations are out-going at the horizon 
of the AdS spacetime |l^ , pSf , ||33| . Then we should take 

E^^\m,k) = 0. (4.19) 

Note that for imaginary m = imi, mj > 0, this condition implies that the perturbations do 
not diverge at the horizon of the AdS spacetime because {imjz) oc exp{—mjz) aX z ^ oo. 
Hence if we take the boundary condition that the perturbations are out-going, the corrections 
given by x are not allowed; 

6p^ = 6p^ =v^ = 0. (4.20) 
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The matter perturbations and the metric perturbations are given by ([4.6| ) and (|4.7] ) with 
E{m,k) = E^^\m,k) and Z{mle-°">) = H^^\mle 



It seems difficult to determine what kind of the perturbations are allowed in the bulk. 
We will discuss the effects of the corrections from x separately according to the choice of the 
boundary condition in section 5. For a while we take the boundary condition ( [4.19| ) and take 
5p^ = Spy, = f ^ = 0. The terms written in terms of E^^^ (m, k) in the matter perturbations ( [4.6|) 
correspond to the corrections written by the gradient of the metric perturbations in (|3.9|) and 
( p.lOp . In fact, if we take k ^ 0, the terms written in E^^\m, k) in the matter perturbations 
vanish. Now from ( [4.6|) and (O), we manifestly observe that the bulk perturbations alter the 



relation \E'o = and induce the corrections to the matter perturbations. In ( [4.15| ), E^^\m, k) 
is still the arbitrary coefficient. E^^\m^ k) is determined once we impose the equation of state 
of the matter perturbations such as 5p = c^Sp where is the sound velocity. It is rather 
difficult to solve the equations for E^^\m,k). In the following section, we try to obtain the 
evolution of the perturbations without solving E^^\m, k). The price to pay is that we should 



take an assumption about the contribution from the massive modes as in |]19 



From the effective Einstein equations ( [4.6| ) and ( [4.7| ), we find there are two situations in 
which the deviation from the conventional 4D theory becomes large. One is given by 

fcZe-"° > 1, (4.21) 

that means the physical scale of the perturbations is smaller than the curvature scale /. It is 
reasonable since / is the effective scale of the compactification, thus at the scales smaller than 
/, the gravity behaves as the 5D one. Another is given by 

dol > 1, (4.22) 

that means the energy density of the matter exceeds the tension of the brane. In the Fried- 
mann equation ( |2.13| ), the term proportional to becomes dominant and the evolution of the 
universe changes significantly. 



5 Modifications of the evolution 

In this section, we take the boundary condition that the perturbations are out-going at the 
horizon of the AdS spacetime (|4.19| ). Then 

Spx = ^Px = '"x = 0- (5-1) 
In the following sections, we assume the matter perturbations are adiabatic. 
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5.1 Evolution at super- horizon scales 



Let us consider the long-wave length perturbations. We take 

fc/e-"° ^ 0, (5.2) 

then the corrections to the matter perturbations in ( |4.6| ) written by E^^^^ (m, k) vanish. The 
evolution equation for the metric perturbations is given from (|4.6|) by imposing 5p — c^Sp = 0. 
The equation can be simplified using the Bardeen parameter 

C = vl/o - ?^ f-vi/o + %) . (5.3) 

At the super-horizon scales kaQ^e~°'° <ti I, 5p — c^dp = can be written as 

C = 0, (5.4) 

where we used 

w = -3do{l + w){l- cl). (5.5) 
Then the Bardeen parameter is conserved even at high energies 

C = C* = const. (5.6) 

We should note that the constancy of the Bardeen parameter does not mean that the behaviour 
of the perturbations in the brane world is the same as the one obtained in 4D theory. The 
Bardeen parameter is written by $0 and \l/o. In the 4D theory we have the equation $0 = ^o- 
However in the brane world it is modified by the perturbations in the bulk. The equation that 
gives the relation between \l/o and $0 is needed. From ( [4. 7] ), the metric perturbations are given 
by 



^0 = y dmE^^\m)mle-'">H[^\mle-'^'')e- 



■iniT 



$0 = (1 + 



(do/)^)^o - (1 + 2(do0^) / rfmE(^)(m)(m/e-"«)2i/i^V^e-"o)e" 



■imT 



- 2iaiaof J dmE^^\m){mle-'"^'yH[^\mle-''°)e-'"''^. (5.7) 

As mentioned in the previous section, we should make some assumption about the contribution 
from massive modes. We will assume that the modes with mle~°'° > 1 do not contribute to 
the perturbations in the bulk thus take 

m/e-"o 0. (5.8) 

Then using the asymptotic form of the Hankel function h\^\z) oc 1/z and Hq^\z) oc const., 
we obtain 

$0 = (l + (do/)')^o. (5.9) 
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At high energies, we have 

% = (doO'^o, (5.10) 
then $0 ^ ^0- From the conservation of the Bardeen parameter ( |5.3|) and ( |5.6|) , we get 

- = -$o, (5.11) 
P 

for w = const. Note that the curvature perturbation increases as \l/o oc at high energies. 
At low energies chqI <^ 1, we have 

^o = $o. (5.12) 
Then the metric perturbations are obtained as 

+ 3w 

^ = -2$o, (5.13) 
P 

for w = const. 

The CMB anisotropies at large scales can be obtained using the above solutions. At the 
decoupling of the photon and baryon, the energy of the universe is lower than the tension of 
the brane do/ ^ 1. The temperature anisotropies caused by the ordinary Sachs- Wolfe effect 
are given by 

— = + $0 = -— + $0, 5.14 

I A Pr op 



where pr is the density of the radiation and 6pr is its perturbation. From ( [4.6|) and (|5.3|) , we 
can show the Bardeen parameter is given by 

C = vl/o - (5.15) 
3 p 

Then the temperature anisotropies can be evaluated as 

AT 



-C + ^o + $o. (5.16) 

If we neglect the effect of the massive graviton with mle~°"' > 1, we can evaluate the temper- 
ature anisotropies as 

AT 1^ , , 

^=5^, (5.17) 

where we used the solution ( ^.13|) with w = 0. 
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The massive graviton will modify the relation $o and \l/o so the temperature anisotropies. 
At low energies, the metric perturbations are given by 



^0 = y" rfmE(^)(m)m/e"°oij(^^(m/e-°°)e^™'^ 
$0 = ^Q- j dmE^^\m){mle-'''' fH^^\mle-''°)e''^'^. (5.18) 

Then at the lowest order corrections in mle'""' we have 

$Q = ^0 _ y cim^o(m)(?«/e-"«)2G^x(m/e-°°)e^'^^ (5.19) 
where ^'o('^) denotes the Fourier transformation of "^oif]) with respect to rj and 



GKK{mle-''°) = lim 



= ln(2e"") -7 + |i -ln(m/), (5.20) 

where 7 is the Euler number. The important point is that Gkk contains non analytic term 
proportional to Inm. Then ( p. 19] ) becomes non-local when we make Fourier transformation to 



the real spacetime. The reason can be understood as follows. The massive modes with m ^ 
can propagate into the bulk. These modes affect the metric perturbations non-locally if they 
are observed on the brane. Then the non-locality of the evolution equation is the essential 
feature of the brane world 



The contributions from the massive modes are determined by E^-^\m) which is determined 
by the primordial fluctuations and later evolutions. It is difficult to know E^^\m), but it 
should be noted that in ( |5.19| ), m appears in the form mle~°'° . Thus as the energy of the 
universe become lower e~"° — > 0, the mass of the massive modes that can modify the relation 
$0 = ^0 becomes larger. Then for late times, we can safely use the standard result (|5.171 ). The 
constant C* should be determined by the primordial fluctuations. We discuss the generation of 
the primordial fluctuations in the Appendix C. 

Here is the point we should emphasize. At high energies, the Hubble scale itself is smaller 
than the curvature scale of the AdS spacetime. Then we should be careful in using the result 
kle~°'° even at the super-horizon scales in the high energy universe. 



5.2 Evolution at sub-horizon scales 

In this section we investigate the corrections which arise for 

fcZe-"o 7^ 0. (5.21) 
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We will assume the universe is in the low energy era ctol <C 1 and take 



mle~ 



(5.22) 



At the sub-horizon scales kctQ^e "° ^ 1, the density perturbation ( [4.6[ ) is given by 



K 

2l' 



3 J 

= -J dmE'-^\m,k)k'^mle-''''Hi^\mleo")e''''^. 
On the other hand the metric perturbations ([4.7|) are given by 



J dmE^^\m, k)k^ (mle~'"' Hi^^mle 



°o) - ^(fc2 + 3m2)/2e-2°o^a)(^;g-ao^ 



For mle "° ^ 1 we can rewrite ( 5.24|) into the effective Poisson equation; 



K 
21 



-2ao 



(5.23) 



(5.24) 



(5.25) 



where Gkk is given by ( |5.20| ) and [e^°°5p](m, k) denotes the Fourier transformation of e'^°'°6p 
with respect to rj and x\ For kle'"" —>■ 0, ( |5.25| ) is the usual Poisson equation. The evolution 
equation for 6p can be derived from the conservations law of the matter perturbations 
and (|3.5|). For example, in the matter dominated era w = 0, we get 



A" + a',A' - ^a','A 



+— e-2"« I dm{k' + 2m')GKK{'mle- 



5p 



(m, k)e 



0, 



(5.26) 



where ' denotes the derivative with respect to rj and A = 5p/ p. The last term represents the 
correction from the bulk perturbations. Note that for kle""'^ ^ 0, the non-local term arises 
even if we take mle~°'° 0. This is because the graviton can easily propagate into the bulk at 
the scales smaller than I {kle~°'° > 1). Thus the bulk gravitational field affects the evolution 
of the density perturbation non-locally. 

It is well known that in Minkowski spacetime, the Newton's low is modified due to the 5D 
graviton [3,31-33] This modification should be derived from the effective Poisson equation. Let 
us consider the situation where e"° = 1. We assume that the source is static cu^ = m? + k'^ = 
and derive the lowest order corrections in (fcZ)^ < 1. Taking the non-analytic term in m, the 
metric perturbations are written as 



^o(fc) 



.|-(fc-2-i/2ln(m/))5p(fc), 
-'^(k-'-hHniml)^ 5p{k). 



(5.27) 
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To compare the result with the one obtained in [31-33], we consider the spherically symmetric 
source and derive the metric perturbations far away from the source. We obtain the metric 
perturbations by the Fourier transformation as 

Mr) = (^^ + ^ j ' (^-28) 

where 87rG4 = k^//, M = J dx^6p{x) and the source is located at r = 0. The result completely 
agrees with the one obtained in [31-33]. 




6 Corrections from Sp^, Sp^ and 

In this section we choose the boundary condition so that the corrections 6p^, 6p^ and are 
induced on the brane. Then we investigate the effects of the corrections on the evolution of 
the perturbations. 



6.1 Evolution at super- horizon scales 

Let us consider the long wave-length perturbations with fc/e~"° 0. The corrections to the 
matter perturbations given by E^^\m,k) vanish. At the super-horizon scales fcdQ^e~"° -C 1, 



the density perturbation and the pressure perturbation are obtained from ( |3.11|) and ( [4.6| ) as 



^6p = -3(dovi>o + «^*o) + ^C^e-^"", 







where x = = const, from ( p.8|) . Then using the Bardeen parameter ( |5.3| ), 5p — c^5p = can 
be written as 

C = ^!ce— ?^fifl + %l-c;V (6.2) 



We see the term proportional to C breaks the constancy of the Bardeen parameter. The results 
can be understood as follows. The density perturbation 5p^ induce isocurvature perturbations 
on the brane. In 4D theory, it is well known that the isocurvature perturbations break the 
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constancy of the Bardeen parameter. In fact, if we consider the perturbations in radiation 
dominated era at low energies 

cl = g, «! > "0, (6.3) 

then C = 0. It is reasonable since 6p^ behaves as radiation {6p^ = {l/3)6p^) at low energies, so 
there are no isocurvature perturbations. The equation can be integrated using the background 
equations ( |A.12|) and (|5^). We get 

c = c 



21 3ao 
1 

3(1 + w) lai \ p 



C - 7777^7^ ( -] C*, (6.4) 



where we defined 



e-4ao 



= C = const. (6.5) 

Pr 

Using the expression of the Bardeen parameter in terms of the metric perturbations (|5.3|) , we 
can obtain the solutions of the metric perturbations. 

At high energies, using 
we get 

$o = 3(l + ^)C + ^f^')c„ (6.7) 
for w = const. Note that the contribution of is suppressed by the factor (do/)"^. 
At low energies, using 

*o = $0, (6.8) 

we get 

3(1+^) ^ , 1 fpr\^ 

= TT^^* + 3(rT^UJ ^ ^ ^ 

for w = const. 

The CMB anisotropics caused by the ordinary Sachs- Wolfe effect at low energy matter 
dominated era ( ^.161) is given by 

AT 

= -C + 2$o 



T 

From the observations, AT/T ~ 10^^ and at the decoupling Pr/p ~ 0.1. Then the constraint 
on C* is obtained as 

C, < IQ-^. (6.11) 
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6.2 Evolution at sub-horizon scales 



Now consider the evolution of the perturbations at the sub- horizon scales kaQ'^e~°'° ^ 1. 
For simplicity, we assume the universe is at low energies. We also assume the scale of the 
perturbations is larger than / (fcZe~"° <^ 1). Then the corrections given by E(i)(m, k) can be 
neglected. In order to describe the evolution of the density perturbation, it is convenient to 
introduce the gauge invariant variable defined by 



pA = 5p + 3do(p + p)e°">v. 
From ( |4.(j| ) and ( ^.111 ) the Poisson equation is given by 



(6.12) 



(6.13) 



The conservations of the matter (|3.4| ) and (|3.5|) become 



A' - 3w«oA 



v' + a'nV 



3/t^ 

-(1 + w)fc\ + —(1 + w)e 
1 + w 



(6.14) 



where we used ( |5.5| ). Then the evolution equation for A can be obtained as 
A" - {3{2w - cl) - l) a',A' + 3 (^w^ - 4w - ^ + 3c^] a'^A + c^k^A = 



I 



;i+u;)e~2"0;^. 



(6.15) 

The initial condition of A can be set in the radiation dominated era. In the radiation dominated 
era, w = = 1/3 and e"° = rj, (|6.15|) becomes 



A" 



2 1 , 
—A + -k^A 

7]^ 3 



1 



-,x- 



Then we can easily find the solution as 



2k^ 



A = AUG{v) + BUDiv) + ^X, 



(6.16) 



(6.17) 



where 



Ug = - cos {ksT]) + 
Ud = -sin(fcs?7)- 



ksT], 



sin {ksT]) 

cos {ksT]) 



(6.18) 



and A and B are the constants of the integration and fc^ = k/y/S. Note that for krj — > 0, 
Ug and Ud behave as Ug = k^rf I'd and Ud oc t]^^ . Then Ug matches to the growing mode 
solution at the super-horizon scales. From (|6.13| ), The metric perturbation is given by 



2^2 



k 7] 



^-{AUG + BUD) + ^{x + -k~Y' 
2 21 ri 



(6.19) 
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From ( |4.14]) , the solution for x is given by 



X = C cos [ksT]) + Dsin{ksr]) , (6.20) 
where D is the arbitrary constant. Then $o becomes 



We take only the growing mode solution, then B = D = 0. In the radiation dominated era at 
low energies, 

«o e-^"° = ^Pr, (6.22) 

and = rj. Then ( |6.5|) becomes 



a = -^C. (6.23) 



At super-horizon scales, using Ug = k rf /9, we get 

= -4 + (6-24) 
6 6 

Comparing the solution with ( |6.9|) , we should take A = —iC*- Thus, we can set the initial 
condition of A at radiation dominated 



A = -4CUg + 2^ cos(M)- (6.25) 

In the radiation dominated era, the perturbations are constant A ~ 2(7=,, at super-horizon scales 
and then oscillate as cosine function once they enter the horizon. Thus at sub-horizon scales, 
the density perturbation behaves as the usual adiabatic perturbations in 4D theory. However, 
as the matter becomes dominant, the isocurvature perturbations are generated. This is because 
while the frequency of the Ug changes from kg, x always oscillates with frequency kg. Then 
there is a possibility that the amplitude and the phase of the oscillations of A change from 
the adiabatic cosine mode. These deviations can be directly observed as the shifts of the 
location and height of the peak of the acoustic oscillation in CMB spectrum. We solve ( |6.15|) 
numerically with the initial condition given by ( |6.25| ). In Fig.l the density perturbation A(fc) 
at the time Pr/Pm = 0.1 is shown with various wave numbers k. where pm is the density of 
the matter. For C^, = 0, A(A;) is given by cosine function. If we include the effect of the 
location and height of the peak of the oscillations change as expected. Thus if we include the 
effect of the corrections 6py., dp^, and f-^, the effects from the bulk can be observed even in the 
low energy universe. 
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A(k) 




Figure 1: A(fc) at PrIPm = 0.1 with C* = 0, 2^^,, 4(^*, —2(^,, — 4(^* where we take = 1. 
The horizontal coordinate is the value fee// = aQ^e~°'°k at pr/pm = 1- The perturbation with 
keff = 1 crosses the horizon at Pr/pm = 1- The initial conditions are set at Pr/pm = 100. 



7 Conclusion 



In this paper we obtained the effective 4D Einstein equations (^4.6|) and ( |4.7| ) that describe 
the scalar cosmological perturbations on the brane. Then we investigated the effect of the bulk 
gravitational field on the evolution of the cosmological perturbations on the brane. 

We first used the equations on the brane obtained from the power series expansion of the 
5D Einstein equations. From the equations on the brane, we obtained the effective Einstein 
equations ( p.9|) , ( p.lO|) and (|3.11|) . It should be mentioned that we cannot derive the equation 



that corresponds to {i j) component of the 4D Einstein equations which gives the relation 
between the metric perturbations $o aiid \E'o. Two types of the corrections are found. One is 
written by the gradient of the metric perturbations. Another is independent of the metric per- 
turbations ( p . 1 1| ) and induces the density perturbations which behave as the sound waves with 
the sound velocity 1 / at low energies. At large scales, they are homogeneous perturbations 
that depend only on time and decay like radiation. We identified them as the perturbations 
of the dark radiation. 
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Then we derived the effective Einstein equations again in another way by solving the 
perturbations in the bulk and imposing the junction conditions (|4.6|), ([4.7|). We obtained 
the equation which gives the relation between $o and \l/o. We identified the perturbations in 
the bulk which induce the perturbations of the dark radiation. These perturbations do not 
contribute to the metric perturbations but do contribute to the matter perturbations on the 
brane. At low energies, they have imaginary mass 2k'^ + 3m^ = in the bulk and diverge at 
the horizon of the AdS spacetime. The existence of them in the bulk depends on the boundary 
condition of the perturbations. We should impose two boundary conditions to completely 
determine the perturbations in the bulk. One is given by the equation of the state of the 
matter on the brane. The other choice of the boundary condition at the horizon determines 
the existence of the perturbations of the dark radiation. 

If we take the boundary condition that the perturbations do not diverge at the horizon 
of the AdS spacetime, the perturbations of the dark radiation do not appear. The other 
corrections are suppressed by fcZe^"". Thus they correspond to the correction terms written 
by the gradient of the metric perturbations. Corrections also arise in the relation between 
$0 and \E'o- The corrections become large at the scales smaller than the curvature scales of 
the AdS spacetime (fc/e""" ^ 1) and in the high energy universe with the energy density 
larger than the tension of the brane {cxqI ^ 1). Particularly, at high energies aol ^ 1, the 
potential perturbation $o becomes dominant over the curvature perturbation \l/o- We discuss 
the evolution of the adiabatic perturbations including these corrections. The interesting point 
is that at sufficiently large scales {kle~°'° 0) the Bardeen parameter is constant even at high 
energies. Then the potential perturbation $o are always constant if the barotropic parameter 
of the matter w is constant. At the scales below /, the correction becomes large. In order to 
illustrate how these corrections modify the evolution of the density perturbations, we obtained 
the effective Poisson equation in the low energy universe at the sub-horizon scales. Using 
the effective Poisson equation, the evolution equation for the matter perturbations was given. 
The important point is that the evolution equation becomes non-local once we incorporate the 
effect of the perturbations in the bulk. This is the essential feature of the perturbations at 
scales below /. We emphasized that one should be careful to use the result fc/e~"° — in the 
high energy universe even at the super-horizon scales. This is because at high energies, the 
horizon scale of the universe itself is smaller than the curvature scales /. 



We should comment on our limitation in obtaining the evolution of the perturbations 
using the effective Einstein equations. It is in general difficult to obtain the spectrum of 
the perturbations in the bulk E^-^^ (m, k) by imposing the equation of state on the matter 
perturbations. As a result, we should make an assumption about the contribution of the 
massive perturbations. We used the assumption that the modes with mle~"° > 1 do not 
contribute to the perturbations in the bulk thus take mle~'^° ^ 0. At low energies e"""" 0, 
the assumption seems to be valid. E^^\m, k) is determined by the primordial fluctuations and 
later evolutions Further studies are needed to know the exact form of E^^\m, k). 
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If we choose appropriate boundary conditions in the bulk ( [4.16|) , the perturbations of 
the dark radiation arise. They induce the isocurvature perturbations in the dust dominated 
universe. The key feature of them is that they can play a role even in the low energy universe 
at scales larger than / where the former corrections are suppressed. We gave an evolution 
equation for the density perturbation including the corrections from them. The large scale 
CMB anisotropics were estimated and the constraint on the amplitude was derived. At sub- 
horizon scales, they act as an extra force on the acoustic oscillations of the density perturbation. 
In the matter dominated era, the location and the height of the acoustic peak are shifted due 
to the extra force (see Fig.l). These shifts can be directly observed by CMB anisotropics. 
Recently, many works have been done about the test of the correlation between adiabatic 
and isocurvature perturbations using CMB spectrum P^|. The detailed analysis of the CMB 
spectrum will reveal the existence of the dark sound waves. 
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A Background equations 



In this Appendix, we derive the equations used in section 2. The 5D Einstein equations are 
given by 

G'rJ = r2^N + /.^ ^"^- T^ = + e-^/.^T#, {M, N = y,t,x^). (A.l) 
We take the energy momentum tensor in the 5D spacetime as 

= [--^^diagiQ, 1, 1, 1, 1) + diag{Q, -p,p,p,p)^ 5{y). (A.2) 

The Einstein tensor is given by 

GO = _3e-2/3(«2^«^_«"_2«'2 + a'/5'), 

Gy.y = 3e-^'^{-a-2a^ + a$ + a'^ + a'(3'), 

G^y = -3e-^^{(3'a + a'$-a' -aa'), 

G) = 6ie-^f^{-2a-3a^ - (3 + 2a" + 3a'^ + (3"). (A.3) 

In the (0,0) and components of the Einstein equations, the jump of the first derivative 
of a{y,t) and P{y,t) give the 6{y) function. These should be equated with the 6{y) function 
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of the matter. Then we obtain the junction conditions 

1 K^p{t) 



ai{t) 



I 6 



where we take = 1. The y'^-th order of the {y,y) and (y, 0) components of the Einstein 
equations give 

2 

- ao- '^Oil + al + aiPi = — , 

Piao — di — do«i = 0. (A. 5) 

Using the junction condition ( [A .41 ), we get (p.5|). 

Next let us derive the wave equations for f3 and a in the bulk. The (0,0) and 
components of the 5D Einstein equations in the bulk can be rewritten using u = {t — y)/l and 
V = {t + y)/l a.s 

f3,uv - Sa^a, - ^e^^ = 0. (A.6) 

We assume the bulk is AdS spacetime, so we take CuyNy = where Cmnkl is the Weyl tensor. 
This condition is given by 

a,uv-P,uv = 0. (A. 7) 

Then the wave equations for a and (3 are given by 

a,uv + \e^'' = 0, (A.8) 

which are ( p.9|) . Instead of solving the wave equations directly, it is convenient to rewrite the 
equation for a using (|A.6|) as 

a,uv - = 0. (A. 9) 

The solution can be found easily as 

1 



f{u) -g{v) 



(A.IO) 



where f{u) and g{v) are the arbitrary functions. Then (3 can be obtained from (|A.6|) as 



.2/3 



[f[u)-g[v)f 
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Finally, we show some background equations which are used in the calculations of the 
perturbations. From the junction conditions ( [A.4| ) and equations on the brane ( p.5| ), we can 
show the following equations; 

"0 = (P + P) = «i(Pi - ai), 

"l = ^ + "O' 

^ = 1 _L ^ 
i + 2 ) 

ai ai 

Oil = ° ° = d;o(/3i — ai). (A. 12) 

In the calculations of the perturbations, we need a2 and ^2- From the ?/°-th order of (0, 0) and 
components of the Einstein equations, we can write a2 and P2 in terms of ao, «i and Pi, 

2 

"2 = ctQ- 2q;i + aiPi + — , 

2 

/32 = do + 2cio + - 2ai/3i + -. (A.13) 



B Derivation of the effective Einstein equation (|5t6|) and 



In this Appendix we review the formalism to solve the perturbations in the bulk and impose 
the junction conditions developed in Using the formalism, we obtain the effective Einstein 
equations (^]6|) and ( [4 .71) . 



B.l Review of the formalism 

First let us review the formalism to obtain the perturbations in the bulk. We start with 
the perturbed AdS spacetime in Poincare coordinate; 

ds"^ = (^-^ (dz'^ - (1 + 2</))rfr2 + 2b^idx'dT + ((1 - 2^)5^^ + 2^^^) dx'dx^) , (B.l) 

Here 0, b, ^ and E is given by 

^^{if I I "^"^ h{m,k)Z2imz)e-"^^e'^'^,{h = (l),b,^,E), (B.2) 
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where Z2 is the combination of the Hankel function of the first kind and the second kind of 
the second rank Zo(mz) (mz). Here we used the transverse traceless 

gauge conditions 

- 3^ + V^^ = 0, 
ar 

^ + 2^ - 2V'i = 0. (B.3) 
ar 

Thus the coefficients h{m, k) satisfy 



yk'^ + m^ k^f , 
b{m,k) = —Ai- — E{m,k), 

k^P 

^(m, fc) = —E{m,k), 

Eim,k) = 7, l^E{m,k), (B.4) 
3m"^ 

where E{m, k) is the arbitrary coefficient. 

The perturbations in the metric (|2.1|) is obtained by the coordinate transformation 

z = %,t)=/e'"(^'*), r = T{y,t). (B.5) 
The Jacobian of the transformation is given by 

^ = /de~", ^ = — Za'e"", 
oy oy 

dt dt ^ ' 

Note that at late times 

dT 

= toie""" = -e"°o. (B.7) 
dt ^ ' 

Then T = T(0,t) = —7] where 77 is the conformal time. After the coordinate transformation, 
the resulting metric is given by 

ds^ = e^^^^'*) ((1 + 2N)dy'^ - (1 + 2^)dt'^ + 2A dt dy) 

^g2a(y,t) _ + 2E.,j) dx'dx^ + 2I3^,dx'dt + 2G.i,dx'dy) , (B.8) 



where 



1. = (/«')'e-'^0, 

B = {la')e-''b, 

A = -2(/2««')e-2/^0, 

G = {la)e-''h. (B.9) 
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In the metric (p.8| ) the brane is not located at y = 0. This is because the matter perturbations 
on the brane bend the brane. Then once we include the matter perturbations on the brane the 
brane will be located at ?/ 7^ 0. The metric perturbations that we observe are those evaluated 
on the brane. Then we should perform the (infinitesimal) coordinate transformation by 



X 



M 



X 



M 



(B.IO) 



to ensure that the brane is located at ?/ = in the new coordinate. We will take the gauge 
condition G = A = and Bq = 0, Eq = 0. This determines ^* and ^ in terms of as 



dy{A + e)+To 
y 



dy{G + e2(/5-")^2^1 



To = e 

- Eq. 



2-«(5o 



En 



Then we obtain the metric perturbations on the brane 

*o = i-o+Aa+^o, 

^'o = ^0 - "1^0 - «oTo, 
iVo = No + ei+f3ieo, 
and the first derivative of the metric perturbations 



$1 


= eo+Piei+P2eo + ^i+Ao+$ifo, 




^1 


= -ai^f - a^il - 02^0 + ^1 - aoio - 


- diTo, 




= a+Aef +/?2a+iVi+/?iro, 




Bi 


= e-2"o(-2a + 2«oa-2(/?i-ai)To 


- io + e2"«Si - e2"«Go 


El 


= - e-2"«a - Go. 





Combining (|B.13| ) with the junction conditions 

D 

Bi = -2{pi - ai)e-"«t;, 
El = 0, 

we can write matter perturbations in terms of and Elm, k) 



-6 (ao^^ + {a2 - «i/3i)^o - ^1 + aoA-o + «iTo - aiiVo 
2 (a + 2doa + (2a2 + P2- Pi - 2aiPi)a 
+<li - 2^1 + io + 2doio + 01 + 2ai)To - (A + 2ai)iVo 



k\p + p)e"«t; = 2^0^ - 2«oeo - e'°°5i + 2(A - ai)To + e'"»Go + Ao, 







-2e 



'2ao f S/ 



a + 2^1 - 2G, 



(B.ll) 



(B.12) 



(B.13) 



(B.14) 



0, 



(B.15) 
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where Tq = e^"°(-Bo — Eo). From the last equation in ( |B.15| ), C,o is written by i?(m, k). Thus 
the matter perturbations are written in terms of the perturbations in the bulk ( p.2| ), ( p.4] ). 
These equations correspond to (|2.11|) in the background spacetime. The solutions of the 
perturbations are obtained by determining E{m, k) and a{m) by imposing the equations of 
state of the matter perturbations such as 6p = c^Sp and the appropriate boundary condition 
in the bulk. In |]19|, E{m,k) is obtained for perturbations at the super-horizon scales in the 
low energy universe with the constant barotropic parameter with the boundary condition that 
the perturbations are out-going at the horizon of the AdS spacetime. In general, however, it 
is rather difficult to obtain the solution for E{m,k). Thus we use the method described in 
section 2. We rewrite ( |B.15|) into the effective Einstein equations. To do so, we should rewrite 
the right-hand side of ( |B.15| ) in terms of the metric perturbations $o and \E'o. 



B.2 Derivation of the equations (|4.(j| ) and (|4.7|) 



We rewrite the right-hand side of the equations ( |B.15| ) by the metric perturbations $0 ^.nd 



^'o to derive ( ^ ) and (^). We will write $, B, N, A and G by and b using ([B^ . First 
let us consider the density perturbation 6 p. From ( [B.15| ), 6p is given by 

K^Sp = -6 (^do^^ - dl^^ - dlaiP(f)o + dodoe"Hbo - ^^e^^^^o - ^1) , (B.16) 

where we used (|A.13|) to write ^2 — = — do^ and di = dodo/ai. The strategy is to write 
^0 by \E'o and $o- From ( P3.12D , the metric perturbations \E'o and $0 are given by 



$0 = "2/200 + + ai^^ - e2"°^o - 2doe2°°^o + (a.do + di)/e"«6o + aie"«/6o, 

(B.17) 

where we used (|A.12|) to write /3i = (1 + do/al)ai. From ( |B.17| ), we can show 

do^o + do^o = -tti (^doiE - aUo - dg«i/20o + dodoe"«/&o - ^e^^o^o) + do^o- (B.18) 
Then the terms written by ( B.16 ) can be rewritten by $0 and \E'o. We obtain 



aifi;2 



5p = -3 (^do^o + do$o + ai^i - do^E'o) • (B.19) 

The remaining task is to rewrite the terms written by ^ in terms of \E'o. First, using the solution 
of the perturbations ( [B.2| ) and ( [B.4| ), we rewrite in terms of E{m,k). From ( [B.15| ), is 
given by 

= e2"o^^ _ aoe^Hbo. (B.20) 
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Then we can rewrite \l/o as 

^0 = v^o - aie^^^Ei + doe^°" ho- 
using the Jacobian of the transformation ( [B.6|) and 



(B.21) 



d_ 

dz 



(B.22) 



we can get the following equations; 
aie2"0Ei(fc) = - J dmE{m, k) (almle-""-' Zi{mle-'''') + do«i«^^e"°oZ2(m/e~°o)) e" 
doe2°oEo(fc) = - j dmE{m, k) (do^m/e-"«Zi(m/e^°o) + doaiicj/e-"«Z2(m/e^"'')) e 



Then we find 



- aie^'^°Ei + doe^""Eo = / dmE{m, k) 



2k' + 3m" 
3m 



(B.23) 



(B.24) 



where we used (p.4|) and = + al (|A.12|) . is given by 



i!{k) 



-2ao 



dm^{m,k)Z2{mle "°)e 



/ 2k 1 

- / dmE{m, k) /e~°oZi(m/e""«) - - 



iB.25) 



where we used ( [B.4|) and Z2{mz) = {2/mz)Zi{mz) — ZqIitlz). Then we can write \l/o in terms 
of E{m, k) as 



iujT{t) 



^o(fc) = y" dmE{m,k) (mle-"° Zi{mle-''°) + ^{kle~"''fZo{mle-''")^ e 

On the other hand, the same calculations as (|B.24| ) yields 

ai^i(fc) -do^o(fe) = - / dmE{m,k)k^mle-^''°Zi{mle-"'')e-''^^^^'^ 

3 J 



(B.26) 



(B.27) 



Then (p.l9| ) becomes 



Sp{k) 



-3(«o^o + «o*o)-e-2""fc'^o 



+ -e-'^''" f dmE{m,k)kYZo{mle""'')e 
3 ^ 



ao^^-«^^(^) 



(B.28) 



The other quantities 6p and u can be calculated in the same way. The calculations are 
straightforward but lengthy. It is easier to derive 6p and v using the equations on the brane 
( p.3[) , ( |3.4D and (|3.5| ). The pressure perturbations (5p can be obtained from (|3.3 ) as 



2 -j^ 

= ^o+4ao^o+ao$o+2(ao+2a^)$o+-e-'"°(2fc'^o-fc'$oJ ^ 



5p(fc). (B.29) 
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Substituting (g]28D into { ^2% , we get Sp as 



3 3 \ af / 



+ 



^ 1 ^-4ao 



dmE{m, fc)fc^/^Zo(m/e~"°)e 



«0«0 , o^2^ ^ 

ai J 



'ao\ -iujT(t) 



The velocity perturbation v is also obtained from the equation on the brane 

(p + p)e'">v = fc-'e'"" [-6p + 3(p + p)^o - 3«o(^P + (^p) 
Substituting ( p.28|) and ( p.30|) into ( p.31|) , we can show v is given by 



(p +p)e"Ow(A;) = ^0 + tto^o + ^v, 



where Av is given by 



Av 



dt 



J dmE{m, fc)fc^/2Zo(m/e""°)e^*'^^(*) 



-3oo 



dmE{m, k) (^aiiukH^Zo{mle-"'') - aomk^fZi{mle-''°)) e" 



(B.30) 



(B.31) 



(B.32) 



■iujT(t) 



(B.33) 



Finally, let us rewrite the metric perturbations $0 in terms of E{m,k) to derive ( |4.71 ). 
From (|KT7D and (|K20D , $0 is given by 

$0 = ajf^o + aie^Hbo + (l + aie^^o^i - 2doe^"''^o - c^'^'Eq. (B.34) 



From 



dmE{m, k) (ail) 



,2fc2 + m2 



/ 2 2 

— [uj a 



-2(aido/^)zcjmZ2e-^""Zi(m/e 



-ao' 



2fc2 + 3m2 

3m2 



(B.35) 



where we used d{zZi{mz)) / dz = mzZQ^mz). In addition, we can show 

2k^ 



r f Ak'^ 2k^ \ 

= (a^iy / dmE(m,k) -/e-"«Zi(m/e-"°) -fe-'^''° Zoimle-'''') e"*^^, 

J \3m-^ 3m^ J 



[B.36) 
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aie^Hbo = J dmE{m,k) (-{aiiy^^^^le-^^Ziimle-"' 



(B.37) 

where we used Z2{'mz) = {2/mz)Zi[mz) — ZQ{mz). Then $o can be written by E{m, k) as 
$o(fc) = J dmE{m, k) (^m/e-"°Zi(m/e-"°) - + 3m2)/2e-2"o^^(^/e-"o) j g-ia;TW 

+ {aol f J dmE{m, k) (m/e-"°Zi(m/e-"«) - (fc^ + 2m2)/2e-2"o^^(^/g-ao)^ g-i-^TW 
- 2aiaol^ J dmE{m,k){iujml^e-^''°)Zi{mle-°'')e'''^'^^^\ (B.38) 

where we used = 1 + (aoO^- 

C Primordial fluctuations 

The CMB anisotropies at large scales are determined by which should be determined by 
the primordial fluctuations. We consider the infiaton confined to the brane with potential 
1/(0) [^. The background equations are given by 

+ 3ao0 = J—, 

d(p 

^-0 = ao. (C.l) 

The perturbed energy-momentum tensor of the infiaton is given by 

Sp = -02$Q + + ^'(0)50, 
Sp = -02$o + 050 - 1/'(0)(50, 
(p + p)e"»t; = 050, (C.2) 

where 50 is the fiuctuations of the infiaton. It is useful to use the Mukhanov variable to 
describe the evolution of the perturbations; 

g = 50+^^0- (C.3) 
Combining the equations ( p.2|) and ( [4.6|) and equation of motion for 50 

50 + 3do50 + e-2"ofc250 + V"{(f))6(f) = 30^o + ^'^'o - 21^'(0)$o, (C.4) 
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we can obtain the evolution equation for Q. We get 



Q + 3aoQ + e-^-fc^g + - 2^^^ " 2 f^)' + V"{<P)] Q = J, (C.5) 

\ao ao (j) Veto/ / 



where 



J = ^ 



, , ^ - ^ 1 At. + -e-^-fc^$o --(1-^1 e-^-fc^v&o 
do \ \ cio do / 3 3 V afl 



1/2 Ido 
3 V3 ~ 3a2 



jj e-^"» y dmE{m,k)k'^l'^Zo{mle-'''')e-'^^^A , (C.6) 



where At> is given by (|B.33|) . We take the boundary condition so that 6p^ = 6p^ = = 0. 



At large scales J 0, then we can find the solution for Q as 



t ^- 2 



where and Sq is the constant of the integration. The amplitude of the growing mode 
solution Aq is determined once Q is quantised. Denoting the power spectrum of Aq as Paq, 
we get 

large scales ' 

(C.8) 

where right-hand side is the power spectrum of the quantised Q evaluated at large scales. The 
important point is that Q is related to the Bardeen parameter by (|C.2|) , ([4.6|) and ( ^.3|) as 



ao V "o 

Then at large scales Aq = C^, and 



Q = -(C-?^At;). (C.9) 



C ~ large scales ' 

(C.IO) 



The problem is how to quantise the system of (|C.5|) . As in the evolution equation for the density 



perturbations, the equation becomes non-local at scales below / {kle~°'° > 0). Particularly, 
at high energies, the Hubble horizon is smaller than the curvature scale I. Thus even at the 
horizon scale, the corrections are significant. One way is to construct the effective action 
which gives the equation ( |U.5| ) and do path-integral quantisation as is done in [^. Further 
investigations are needed to obtain the spectrum of 
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